INTRODUCTION
An ideal charged boson system is of interest because of the simplicity in its formulation and yet the complexity of its manifestations. The astonishingly complicated behavior of this idealized system may provide some insight to the still not fully understood properties of high T c superconductivity. As is well known, R. Schafroth [1] first studied the superconductivity of this model fifty years ago. In this classic paper he concluded that at zero temperature T = 0 and in an external constant magnetic field H, there is a critical field
with ρ denoting the overall number density of the charged bosons and m, e their mass and electric charge, respectively; the system is in the super phase when H < H c , and in the normal phase when H > H c . Due to an oversight, Schafroth neglected the exchange part of the electrostatic energy, which invalidates his conclusion as was pointed out in a 1990 pa- In what follows we first review the Schafroth solution and then the FLR corrections. Our discussions are confined only to T = 0.
HAMILTONIAN AND SCHAFROTH SOLUTION
Let φ(r) be the charged boson field operator and φ † (r) its hermitian conjugate, with their equal-time commutator given by
These bosons are non-relativistic, enclosed in a large cubic volume = L 3 and with an external constant background charge density −eρ ext so that the integral of the total charge density
is zero. The Coulomb energy operator is given by
where : : denotes the normal product in Wick's notation [3] so as to exclude the Coulomb self-energy. Expand the field operator φ(r) in terms of a complete orthonormal set of c-number function {f i (r)}:
with a i and its hermitian conjugate a † 
For such a state, the expectation value of the Coulomb energy E Coul can be written as a sum of three terms:
where
The last term E dir is the subtraction, recognizing that in Wick's normal product each particle does not interact with itself. In the Schafroth solution, for the super phase at T = 0 all pagrticles are in the zero momentum state; therefore, on account of (3) the ensemble average of J 0 is zero and so is the Coulomb energy. For the normal phase, take the magnetic field B = Bẑ with B uniform and pick its gauge field A = Bxŷ. At T = 0, let
Schafroth assumed p i = eBx i with x i spaced at regular intervals λ = 2/eBL, which approaches zero as L → ∞. This makes the boson density uniform and therefore E dir = 0. In the same infinite volume limit, one can show readily that −1 E dir → 0. Since Schafroth omitted E ex , his energy consists only of
and
The sum of (11) and (12) gives the usual cyclotron energy
Combining with (10), Schafroth derived the total Helmholtz free energy density in the normal phase at zero temperature to be
(Throughout the paper, we take e and B to be positive, since all energies are even in these parameters.)
The derivation of (14) is, however, flawed by the omission of E ex . It turns out that for the above particle wave function (9), when x i − x j is the cyclotron radius a = (eB) − 1 2 , the coefficient of n i n j in E ex is proportional to |x i − x j | −1 . Hence − 1E ex becomes ∞ logarithmically as the spacing λ → 0.
CORRECTED NORMAL STATE AT HIGH DENSITY
In this and the next section, we review the FLR analysis for the high density case, when ρ > r 
Strong Field
We discuss first the case when B is (mρ) 1 2 , so that the Coulomb correction to the magnetic energy (14) can be treated as a perturbation. To find the groundstate energy, we shall continue to assume (9) with p i = eBx i and x i equally spaced at interval λ, but keeping λ = 0. Now as → ∞, − 1E dir remains zero, but − 1E dir in fact increases as λ 2 for λ a, the cyclotron radius. The lowest value of E dir + E ex are both complicated in this range. The minimization can be done exactly, yielding 
The sum of E dir and E ex is found to be proportional to 1/B. Hence, (14) is replaced by
